We first introduce a new class of mappings called Bregman asymptotic pointwise nonexpansive mappings and investigate the existence and the approximation of fixed points of such mappings defined on a nonempty, bounded, closed, and convex subset C of a real Banach space E. Without using the original Opial property of a Banach space E, we prove weak convergence theorems for the sequences produced by generalized Mann and Ishikawa iteration processes for Bregman asymptotic pointwise nonexpansive mappings in a reflexive Banach space E. Our results are applicable in the function spaces L , where 1 < < ∞ is a real number.
Introduction
Throughout this paper, we denote the set of real numbers and the set of positive integers by R and N, respectively. Let be a Banach space with the norm ‖ ⋅ ‖ and the dual space * . For any ∈ , we denote the value of * ∈ * at by ⟨ , * ⟩. Let { } ∈N be a sequence in ; we denote the strong convergence of { } ∈N to ∈ as → ∞ by → and the weak convergence by ⇀ . The modulus of convexity of is denoted by
for every with 0 ≤ ≤ 2. A Banach space is said to be uniformly convex if ( ) > 0 for every > 0. Let = { ∈ : ‖ ‖ = 1}. The norm of is said to be Gâteaux differentiable if for each , ∈ , the limit
exists. In this case, is called smooth. If the limit (2) is attained uniformly for all , ∈ , then is called uniformly smooth.
The Banach space is said to be strictly convex if ‖( + )/2‖ < 1 whenever , ∈ and ̸ = . It is well known that is uniformly convex if and only if * is uniformly smooth. It is also known that if is reflexive, then is strictly convex if and only if * is smooth; for more details, see [1, 2] . Let be a nonempty subset of . Let : → be a mapping. We denote the set of fixed points of by ( ); that is, ( ) = { ∈ : = }. A mapping : → is said to be nonexpansive if ‖ − ‖ ≤ ‖ − ‖ for all , ∈ . A mapping : → is said to be quasi-nonexpansive if ( ) ̸ = 0 and ‖ − ‖ ≤ ‖ − ‖ for all ∈ and ∈ ( ). The nonexpansivity plays an important role in the study of Mann iteration [3] for finding fixed points of a mapping : → . Recall that the Mann iteration is given by the following formula:
where the sequences { } ∈N and { } ∈N satisfy some appropriate conditions. When all = 0, the Ishikawa iteration reduces to the classical Mann iteration. Construction of fixed points of nonexpansive mappings via Mann's and Ishikawa's algorithms [3] has been extensively investigated in the literature (see, e.g., [5] and the references therein). A powerful tool in deriving weak or strong convergence of iterative sequences is due to Opial [6] . A Banach space is said to satisfy the Opial property [6] if for any weakly convergent sequence { } ∈N in with weak limit , we have lim sup
for all in with ̸ = . It is well known that all Hilbert spaces, all finite dimensional Banach spaces, and the Banach spaces (1 ≤ < ∞) satisfy the Opial property. However, not every Banach space satisfies the Opial property; see, for example, [7] .
Let be a smooth, strictly convex, and reflexive Banach space and let be the normalized duality mapping of . Let be a nonempty, closed, and convex subset of . The generalized projection Π from onto [8] is defined and denoted by
where ( , ) = ‖ ‖ 2 − 2⟨ , ⟩ + ‖ ‖ 2 . Let be a nonempty, closed, and convex subset of a smooth Banach space , and let be a mapping from into itself.
Some Facts about Gradients. For any convex function :
→ (−∞, +∞] we denote the domain of by dom = { ∈ : ( ) < ∞}. For any ∈ int dom and any ∈ , we denote by ( , ) the right-hand derivative of at in the direction ; that is,
The function is said to be Gâteaux differentiable at if lim → 0 ( ( + )− ( ))/ exists for any . In this case ( , ) coincides with ∇ ( ), the value of the gradient ∇ of at . The function is said to be Gâteaux differentiable if it is Gâteaux differentiable everywhere. The function is said to be Fréchet differentiable at if this limit is attained uniformly in ‖ ‖ = 1. The function is Fréchet differentiable at ∈ (see, e.g., [9, page 13] or [10, page 508] ) if for all > 0, there exists > 0 such that ‖ − ‖ ≤ implies that
The function is said to be 
It is also said to be bounded on bounded subsets of if ( ) is bounded for each bounded subset of . Finally, is said to be uniformly Fréchet differentiable on a subset of if the limit (7) is attained uniformly for all ∈ and ‖ ‖ = 1. Let be a reflexive Banach space. For any proper, lower semicontinuous, and convex function : → (−∞, +∞], the conjugate function * of is defined by * (
for all * ∈ * . It is well known that ( )
Here, is the subdifferential of [11, 12] . We also know that if : → (−∞, +∞] is a proper, lower semicontinuous, and convex function, then * : * → (−∞, +∞] is a proper, weak * lower semicontinuous, and convex function; see [2] for more details on convex analysis.
Some Facts about Bregman Distances. Let be a Banach space and let
* be the dual space of . Let : → R be a convex and Gâteaux differentiable function. Then the Bregman distance [13, 14] corresponding to is the function : × → R defined by
It is clear that ( , ) ≥ 0 for all , ∈ . In that case when is a smooth Banach space, setting ( ) = ‖ ‖ 2 for all ∈ , we obtain that ∇ ( ) = 2 for all ∈ and hence ( , ) = ( , ) for all , ∈ . Let be a Banach space and let be a nonempty and convex subset of . Let : → R be a convex and Gâteaux differentiable function. Then, we know from [15] that for ∈ and 0 ∈ , ( 0 , ) = min ∈ ( , ) if and only if
Furthermore, if is a nonempty, closed, and convex subset of a reflexive Banach space and : → R is a strongly coercive Bregman function, then for each ∈ , there exists a unique 0 ∈ such that
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The Bregman projection proj from onto is defined by proj ( ) = 0 for all ∈ . It is also well known that proj has the following property:
for all ∈ and ∈ (see [9] for more details). For any bounded subset of a reflexive Banach space , we denote the Bregman diameter of by diam ( ) := sup { ( , ) : , ∈ } < ∞. 
for all ≥ 0. The function is said to be uniformly convex if the function : [0, +∞) → [0, +∞], defined by
satisfies that lim ↓0 ( ( )/ ) = 0.
Remark 1.
Let be a Banach space, let > 0 be a constant, and let : → R be a convex function which is uniformly convex on bounded subsets. Then
for all , ∈ := { ∈ : ‖ ‖ ≤ } and ∈ (0, 1), where is the gauge of uniform convexity of . 
Denoting ( ) = max{ ( ), 1}, we note that without loss of generality we can assume that is Bregman asymptotic pointwise nonexpansive if
Define ( ) = ( ) − 1. In view of (23), we obtain
Next, we denote by BT( ) the class of all Bregman asymptotic pointwise nonexpansive mappings : → . Imposing some restrictions on the behavior of and , we can define the following subclass of Bregman asymptotic pointwise nonexpansive mappings. 
Kirk and Xu [17] studied the existence of fixed points of asymptotic pointwise nonexpansive mappings with respect to the norm of a Banach space . Recently, Kozlowski [18] proved weak and strong convergence theorems for asymptotic pointwise nonexpansive mappings in a Banach space. To see some other related works, we refer the reader to [19, 20] .
In this paper, we first investigate the approximation of fixed points of a new class of Bregman asymptotic pointwise nonexpansive mappings defined on a nonempty, bounded, closed, and convex subset of a real Banach space . Without using the Opial property of a Banach space , we prove weak convergence theorems for the sequences produced by generalized Mann and Ishikawa iteration processes. Our results improve and generalize many known results in the current literature; see, for example, [18, 21] .
Preliminaries
In this section, we begin by recalling some preliminaries and lemmas which will be used in the sequel.
Definition 4 (see [10] ). Let be a Banach space. The function : → R is said to be a Bregman function if the following conditions are satisfied:
(1) is continuous, strictly convex, and Gâteaux differentiable; (2) the set { ∈ : ( , ) ≤ } is bounded for all ∈ and > 0.
Lemma 5 (see [9, 16] Let be a Banach space and let : → R be a convex and Gâteaux differentiable function. Then the Bregman distance [13, 14] does not satisfy the well known properties of a metric, but it does have the following important property, which is called the three point identity [22] :
In particular, it can easily be seen that
Indeed, by letting = in (26) and taking into account that ( , ) = 0, we get the desired result.
Lemma 8 (see [23] 
Lemma 9 (see [10, 24] ). Let be a reflexive Banach space, : → R a strongly coercive Bregman function, and the function defined by
Then the following assertions hold:
(2) ( ,
Let and be nonempty subsets of a real Banach space with ⊂ . A mapping : → is said to be sunny if
for each ∈ and ≥ 0. A mapping : → is said to be a retraction if = for each ∈ .
Lemma 10 (see [25] 
for each , ≥ 1. Then { } ∈N converges to an ∈ R.
Let be a reflexive Banach space and let : → (−∞, +∞] be an admissible function, that is, a proper, lower-semicontinuous, convex, and Gâteaux differentiable function. Let be a nonempty, closed, and convex subset of and let { } ∈N be a bounded sequence in . For any in , we set
The Bregman asymptotic radius of { } ∈N relative to is defined by
The Bregman asymptotic center of { } ∈N relative to is the set
The following Bregman Opial-like inequality has been proved in [26] . It is worth mentioning that the Bregman Opial-like inequality is different from the ordinary Opial inequality [6] and can be applied in uniformly convex Banach spaces.
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Lemma 11 (see [26] 
Theorem 12 (see [16] Proof. We first show that ( ) is nonempty. Let in be fixed. We define a function : → [0, ∞) by
In view of Remark 1, it is easy to see that is convex. Since is continuous, by Theorem 12 we conclude that the Bregman distance is weakly lower-semicontinuous in the first argument. Since is a uniformly convex Banach space and is weakly compact, in view of [1] there exists a unique point ∈ such that
We show that { } ∈N is convergent in norm. To this end, let 1 = sup{‖ ‖, ‖ ‖ : ∈ N} and 1 : → R be the gauge of uniform convexity of . For any , ∈ N, put , = (1/2) + (1/2) . Then we have , ∈ . In view of Remark 1, we obtain
Applying to both sides of the above inequalities lim sup → ∞ we obtain
This, together with ( ) ≤ ( , ), implies that
Letting , → ∞ in (39) we conclude that
From the properties of 1 , we deduce that lim , → ∞ ‖ − ‖ = 0. Thus, { } ∈N is a norm-Cauchy sequence and hence convergent. Let
Since is a Bregman asymptotic pointwise nonexpansive mapping, we have, for all ∈ N,
Letting → ∞ in (42), we conclude that V = V. This shows that ( ) ̸ = 0. Now, we show that ( ) is closed. Let { } ∈N be a sequence in ( ) such that → as → ∞. Then we have that { } ∈N is a bounded sequence in . We claim that ∈ ( ). Since is continuous, we conclude that ( ) → ( ) as → ∞. This implies that
In view of the definition of , we obtain
This implies that
It follows from Lemma 8 that = . Thus we have ∈ ( ). Let us show that ( ) is convex. For any , ∈ ( ), ∈ (0, 1), and ∈ N, we set = + (1 − ) and ( , ) = max{ ( ), ( )}. We prove that ∈ ( ). By the definition of Bregman distance (see (12)), we get 
This means that the sequence { ( , )} ∈N is bounded. In view of Definition 4, we conclude that the sequence { } ∈N is bounded. Then, by Lemma 8, we obtain lim → ∞ ‖ − ‖ = 0. Thus we have +1 → ; that is, ( ) → . On the other hand, in view of three-point identity (see (26)), we deduce that
Letting → ∞ in the above inequalities we deduce that ( , ) = 0 and hence by Lemma 8 we conclude that = , which completes the proof.
Lemma 14. Let be a reflexive Banach space and let : → R be a convex, continuous, strongly coercive, and Gâteaux differentiable function which is bounded on bounded subsets and uniformly convex on bounded subsets of . Let be a nonempty, bounded, closed, and convex subset of and let ∈ BT ( ). If { } ∈N is a sequence of such that lim
Proof. In view of (25) , there exists a finite constant 1 > 0 such that
It follows from three-point identity (see (26) ) that Proof. Let the function : → [0, ∞) be defined by
For any , ∈ N with > 2, in view of three-point identity (see (26) ), we obtain
+ (
. . . In view of (25), there exists a finite constant 3 > 0 such that
where 4 := sup{‖∇ ( −1 )‖ : = 1, 2, . . . , and ∈ N}. This, together with Lemma 8, implies that lim → ∞ ‖ − ‖ = 0. Employing Lemma 8, we conclude that
This means that
Since is a Bregman asymptotic pointwise nonexpansive mapping, it follows that
In view of (57), we deduce that lim sup
By the Bregman Opial-like inequality ((34)) we obtain that for any ̸ = 
Applying to both sides lim sup → ∞ and remembering that ( ) = inf{ ( ) : ∈ } we obtain
Letting → ∞ in (63) we conclude that
From the properties of * 2 , we deduce that lim → ∞ ‖∇ ( ) − ∇ ( )‖. Since ∇ * is uniformly norm-to-norm continuous on bounded subsets of * , we arrive at lim → ∞ ‖ − ‖ = 0. Thus we have +1 → ; that is, ( ) → . On the other hand, in view of three-point identity (see (26)), we deduce that
Weak Convergence Theorems of Generalized Mann Iteration Process
In this section, we prove weak convergence theorems of generalized Mann iteration process in a reflexive Banach space.
Definition 16.
Let be a reflexive Banach space and let : → R be a convex, continuous, strongly coercive, and Gâteaux differentiable function which is bounded on bounded subsets and uniformly convex on bounded subsets of . Let be a nonempty, bounded, closed, and convex subset of and let ∈ BT ( ). Let { } ∈N be an increasing sequence in N and let { } ∈N ⊂ (0, 1) be such that lim inf → (1− ) > 0. The generalized Mann iteration process generated by the mapping , the sequence { } ∈N , and the sequence { } ∈N , denoted by ( , { } ∈N , { } ∈N ), is defined by the following iterative formula:
where 1 ∈ is chosen arbitrarily.
Definition 17. We say that a generalized Mann iteration process
Remark 18. Observe that by the definition of Bregman asymptotic pointwise nonexpansive, lim → ∞ ( ) = 1 for every ∈ . Hence we can always select a subsequence { } ∈N of { } ∈N such that (67) holds. In other words, by a suitable choice of { } ∈N we can always make ( , { } ∈N , { } ∈N ) well defined.
We will prove a series of lemmas necessary for the proof of the generalized Mann process convergence theorem. gauge of uniform convexity of . By the definition of , we obtain
Letting → ∞ in (72) we conclude that
From the properties of 
This completes the proof.
In the next lemma, we prove that under suitable assumption the sequence { } ∈N becomes an approximate fixed point sequence, which will provide an important step in the proof of the generalized Mann iteration process convergence. First, we need to recall the following notions. 
Proof. In view of (66), we have
This, together with Lemmas 8 and 20, implies that
In view of Lemma 8, we conclude that
Let ∈ N be a quasi-period of J. We first prove that ‖ − ( )‖ → 0 as → ∞ through J. Since +1 = + 1 for such , we obtain
where 5 = sup{ 1 ( ) : ∈ } < ∞. This implies that
It follows from Lemma 8 that
On the other hand, we have
Thus, we obtain ‖ − ( )‖ → 0 as → ∞ through J.
In view of Lemma 8, we conclude that ( , ( )) → 0 as → ∞ through J. Now, let > 0 be fixed. It follows from ( , ( )) → 0 as → ∞ through J that there exists
Since J is quasi-periodic, for any ∈ N there exists ∈ J such that | − | ≤ . Assume that − ≤ ≤ (the proof of the other case is identical). Since is a Bregman 6 -Lipschitzian mapping where 6 = sup{ 1 ( ) : ∈ }, there exists 0 < < /3 such that ( , ) < 3 if ( , ) < .
In view of (66) and (83), there exists 1 ∈ N such that
We also obtain
If follows from (77)- (78) that
This completes the proof. Proof. In view of Lemma 22, we obtain
Let , ∈ be weak cluster points of the sequence { } ∈N .
Then there exist subsequences { } ∈N and { } ∈N of { } ∈N such that ⇀ and ⇀ as → ∞. In view of (89) and Theorem 15, we conclude that = and = . It follows from Lemma 19 that there exist real numbers 1 and 2 such that lim
We claim that = . Assume on the contrary that ̸ = . By the Bregman Opial-like property we obtain
This is a contradiction and hence there exists ∈ such that ⇀ as → ∞. Since is weakly sequentially compact, such a weak cluster point is unique. In view of Theorem 15, we conclude that ( ) = , which completes the proof.
Weak Convergence of Generalized Ishikawa Iteration Process
The two-step Ishikawa iteration process is a generalization of the one-step Mann iteration process. The Ishikawa iteration process provides more flexibility in defining the algorithm parameters which is important from numerical implementation perspective.
Definition 24. Let be a reflexive Banach space and let : → R be a convex, continuous, strongly coercive, and Gâteaux differentiable function which is bounded on bounded subsets and uniformly convex on bounded subsets. Let be a nonempty, bounded, closed, and convex subset of . Let ∈ BT ( ) and let { } ∈N ⊂ N be an increasing sequence. Let Proof. Let 7 > 1 be fixed. Since lim → ∞ ( ) = 1, there exists 0 ∈ N such that for any > 0 , ( ) ≤ 7 . Let
By the same manner as in the proof of Lemma 19, we deduce that there exists ∈ R such that lim → ∞ ( , ) = , which completes the proof. Remark 30. Theorem 29 improves Theorems 3.1 and 4.1 of [18] in the following aspects.
(1) For the structure of Banach spaces, we extend the duality mapping to more general case, that is, a convex, continuous, strongly coercive Bregman function which is bounded on bounded sets and uniformly convex and uniformly smooth on bounded sets.
(2) For the mappings, we extend the mapping from an asymptotic pointwise nonexpansive mapping to a Bregman asymptotic pointwise nonexpansive mapping.
(3) Since we do not need the weak sequential continuity of the duality mapping in Theorems 23 and 29 as was the case in [18] , we can apply Theorem 29 in the Lebesgue space where 1 < < ∞ and ̸ = 2 while this space is not applicable for Theorems 3.1, 4.1, and 5.1 of [18] .
